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Abstract 

The contact behavior between cam and follower is greatly influenced by the kinematics and dynamics of the whole 
valve train system. This is the reason that both shape and thickness of the fluid film in the contact gap are mainly de-
termined by applied loads and relative contact speeds as well as the curvatures of contacting elements. Most of the 
studies about lubricant film behavior between cam and follower have been performed without a consideration of tran-
sient effects in the contact gap. For the computational difficulties of transient effects, most contact conditions such as 
relative contacting speeds have been regarded as quasi-steady state during the whole operating cycle.  

In this work, in order to obtain stable convergence, a multigrid multi-level method is used for the computation of 
load capacity in the lubricant film. Nonlinear valve spring dynamics are also considered in the same way as Hanachi’s. 
From the computational results, transient EHL film thicknesses under the conditions of different contact geometries are 
computed for a pushrod type valve train system during an engine cycle. Several results show the squeeze film effect, 
which is generally not found with conventional EHL computations of the cam and follower contact. The results are also 
compared with those by the Dowson-Hamrock (D-H) formula, which does not consider the dynamic film effect. With-
out the dynamic film effect as in D-H’s formula, the minimum film thickness is highly dependent on the entraining 
lubricant velocity, whereas the minimum film thickness including the squeeze film effect is dependent on the applied 
load.

Keywords: Elastohydrodynamic lubrication (EHL); Multigrid multi-level method; Squeeze film effect; Valve train system; Fluid film 
thickness 
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1. Introduction 

The lifts of intake and exhaust valves are strongly 
influenced by the stiffness and damping of valve 
springs and valve seats, masses and geometries of 
components, and frictional behavior of contacting 
components. In general, a valve lift has a similar 
shape to the cam displacement at low engine speed, 
but at high speed (over 3000rpm) it does not depend 
only on the shape of the cam profile. Among the 
components in a valve train system, the valve spring 
has the most influential effect on the pattern of the 

valve lift. Particularly, a higher camshaft rotational 
speed generates unexpected valve motion which is 
caused by viscous or coulomb-damping effects in the 
valve spring, and subsequently it makes the spring 
stiffness highly nonlinear. On the other hand, a lower 
camshaft speed gives a very similar shape of valve lift 
to cam displacement [1]. These effects mainly result 
in nonlinear kinematics and dynamics of a valve train 
system as well as provide unrelated prediction to ex-
perimental data, regardless of the types of valve train 
systems such as pushrod, center pivot finger, cam-in-
head, end pivot finger, and direct acting types [2-4]. 

Both pattern and thickness of the fluid film be-
tween cam and follower are mainly determined by 
applied loads and relative contacting speeds. The cam 
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contact behavior with a follower is greatly influenced 
by the kinematics and dynamics of the whole valve 
train system. Most of the studies about the lubricant 
behavior between cam and follower have been per-
formed without a consideration of nonlinear dynam-
ics [5] among the components of the valve train sys-
tem. Without these non-linear characteristics, the 
computational results give simple kinematic similari-
ties. That is, the contact force between cam and fol-
lower is computed only with the geometrical variation. 
With the effects of nonlinear loading condition in the 
valve train system, especially from the valve spring 
characteristics, the elastic deformation over the con-
tact region becomes another influential factor regard-
ing the prediction of load capacity in lubricant film. 
Due to the computational difficulty, many numerical 
predictions of lubricant behavior between the cam 
and follower do not fully consider the effects of 
nonlinear valve spring dynamics and the elastic de-
formation [6] on the surface over cam and follower 
caused by the concentrated pressure under the non-
conformal contacting geometry.  

Among the computational researches about EHL 
study, the contact conditions such as relative contact-
ing speeds are regarded as quasi-steady state during 
the whole engine cycle for simple computation. [7-9] 
Therefore, in most such computational researches 
about valve train contacts the film thickness has been 
evaluated merely with the curve fitting formula by 
Hamrock and Dowson’s [6], which comes from the 
computational results of steady state condition. 

In this work, in order to obtain convergence and 
stability, a multigrid multi-level method is used for 
the computation of load capacity in the lubricant film. 
[10] This method is recently in wide use for solving 
the nonlinear partial differential equations for its 
characteristics of convergence stability. Nonlinear 
valve spring dynamics are considered in the same 
way as Hanachi’s [11], and transient EHL film thick-
nesses for the cases of flat and rolling followers are 
computed in the pushrod type valve train system [12, 
13]. 

2. Analysis of contact geometries for flat and 
rolling followers  

The magnitude of the valve lift can be generated by 
a four-power polynomial, which is described below 
Eq. (1) in order to get the desired functional require-
ment of flow rates into the combustion cylinder. For 

the given valve lift, lcam [8] whether it is for flat or 
rolling follower, the cam profiles are generated by the 
kinematic investigation of the pushrod type valve 
train system.  
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In general, the frictional behavior in the valve train 
system is known to be diminished by adopting a roll-
ing follower instead of a flat one. Therefore, the load 
capacities of lubricant films between cam and 
flat/roller followers are computed for the pushrod 
type valve train system in this work. Each basic geo-
metrical dimension of the valve train system using 
flat and rolling follower is all the same for the fixed 
amount of valve lift (Fig. 1). However, due to the 
contact geometries between cam and follower around 
the contact spot that are totally different from each  
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Fig. 1. Valve lifts for flat and rolling followers. 
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Fig. 2. Schematic diagram of pushrod type valve train system. 
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Fig. 3. Contact geometry between cam and flat follower. 

other, the cam profile shape to the flat follower is not 
generated in the same way as that to the rolling one. 

The relative contact velocity between cam and fol-
lower is another important parameter for the compu-
tation of lubricant load capacity, because it deter-
mines the entraining velocities of the lubricant into 
the gap. In this study, a perfectly flat follower type, 
Stone [13] (Fig. 2) is selected for simplicity of com-
putation. The contact geometry with the curvature-
faced follower which is rather complex will be easily 
investigated with the results of our work. The instan-
taneous radius of curvature for the contact between 
cam and flat follower in Fig. 3, is described as below: 
[13] 

3
2 2 2

2

2 2 22 2
2

2 2 2

d d
d d

d d d d d d
d d d d d d
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where, 

2 dRR
d

 (3) 

and  
1 1tan dR

R d
. (4) 

Using the values of  and , the distance and angle 
from the center of cam to the contact point, respec-
tively, the velocity components at the contacting point 
between cam and flat follower are given by the fol-
lowing: 

coscu , (5) 
2
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d d Ru
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.  (6) 
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Fig. 4. Contact geometry between cam and rolling follower. 

These are the velocity components parallel and ax-
ial to tappet surface, respectively. The sliding velocity, 
us , and the entraining velocity of lubricant, ue , are 
expressed as below: 

s c tu u u , (7) 

2
c t

e
u uu . (8) 

The entraining velocity of the lubricant varies de-
pending on the curvature of the follower at the con-
tacting point, which, for simplicity, is considered a 
straight line in this study. For the flat follower, a ki-
nematic study of the valve train system is similarly 
performed according to the methods (Paranjpe [4]). 

However, this investigation cannot be the same as 
the kinematic investigation of a rolling follower, be-
cause the contact mechanism of the rolling follower 
has a different contact geometry from that of a flat 
follower around the contact spots. The contact locus 
(Xc, Yc) between cam and rolling follower is com-
puted by the four-linkage system (Fig. 4) by the fol-
lowing vector summation, Eq. (9) [15]. 

2 3 4 1 0R R R R   (9) 

Differentiating Eq. (9) with respect to the angle of 
camshaft rotation  gives Eqs. (10) and (11) in x and y
components.  

3 4
2 2 3 3 4 4sin sin sin 0R R R   (10) 

3 4
2 2 3 3 4 4cos cos cos 0R R R  (11) 

The center (XCC, YCC) of curvature of the camshaft 
at the point of contact is obtained as follows: if there 
is no offset for the roller center from the line to the 
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center of base circle of cam profile, then  

3 3cosCC fcX X R  (12) 

3 3sinCC fcY Y R   (13) 

Assuming that there is no slipping between cam 
and follower, the relative motion of these two com-
ponents of contact velocities is described as below. 

3 3f
cam fr

t t t t
  (14) 

Therefore, the entraining velocity of the lubricant is 
obtained from the following Eq. (15). 

3 3f
e cam fu r

t t t t
 (15) 

The cam profile for the rolling follower with the as-
sumption that there is no slipping between cam and 
rolling follower can be obtained from kinematic 
simulation after computing the contact point locus (Xc,
Yc) as below with zero offset along the camshaft-
roller line. 

The traces of the roller center (Xfc, Yfc) as the valve 
lifts are in the line of the y-axis as shown in Fig. 4 and 
express the sum of cam radius Rc, valve lift lcam and 
roller radius Rr.

0fcX  (16) 

fc c r camY R R l  (17) 

Therefore, the cam profile is the transformed trace 
of the (Xfc, Yfc) as the function of the cam shaft rota-
tion. 
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Fig. 5. Generated cam profiles by flat and rolling followers. 

The generated cam profiles by tracing the contact 
points from the kinematic investigation of the valve 
train linkage system for flat and rolling followers are 
shown in Fig. 5, where the cam for the rolling fol-
lower has a unique concaved shape around 70  and 
90  of the camshaft angles. 

The effect of viscous damping on the valve spring 
causes the nonlinear characteristics of valve lift mo-
tions, which in turn makes the contact force between 
cam and follower very unpredictable. The other 
damping effects from other components by contacting 
are not considered in this computation, because ex-
perimental data by previous researches [1-3, 5] do not 
show good coincidence with simulation works. How-
ever, the distributed viscous damping and nonlinear 
stiffness of the valve spring are too large to be ig-
nored. These are regarded as major factors for con-
tacting forces between cam and follower in this com-
putation. The distributed damping and stiffness are 
numerically computed by the Hanachi method [11].  

The elastic force at the end of valve spring that has 
total length, L is given by: 

s e L
L

yF F KL  (19) 

where 
4

364 c

G dK
r N

. (20) 

The analytical expression for the motion of viscous 
damped spring in Fig. 3 is given by the following 
equation: 
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where 
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and 
0

4 F
Y

.  (24) 

As it is shown in Eq. (19), the elastic spring force is 
strongly dependent on the term /y , which could 
be obtained by solving the wave Eq. (21). The elastic 
deformation y is not only a function of curvilinear 
length, but that of loading frequency, t. Therefore, 
the spring force shows considerable nonlinear behav-
ior at high speeds of loading which come from high  
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Table 1. Dimensions of valve train components. 

Cam base circle 18mm Lubricant G 5300.9
ll 27.39mm Spring G’ 8.3  1010 N/m2

lp 120.0mm 1 145
R1 45mm Valve lift 8.47mm 

(lubricant vis.) 0.0411Pas Press-visco 
coeff. 2.42 10-8m2/N

Rolling follower 
radius 10mm Young’s 

modulus 200 109N/m2

Spring diameter 5.166mm Spring roll R 15.56mm 

rotational speed of camshaft. This cannot be verified 
with the conventional static coil spring model and it 
causes a serious error in the estimation of valve dis-
placement [11]. Although the spring force is very 
nonlinear due to the imposing speed of the loads, the 
spring displacement itself is fixed by the kinematic 
relationship due to the valve lift. However, the coil 
spring forces are varied with the internal vibration 
mode according to the loading frequency even if there 
are no imposing displacements. Therefore, all other 
kinematic relationships among the valve train com-
ponents are fixed and the entraining velocity of the 
lubricant is dependent only on the geometrical rela-
tionship of the valve train system.  

With the consideration of distributed damping and 
stiffness in the valve spring, the spring force is com-
puted as a function of valve lift, y. The valve lift is 
computed by investigating the interactions among the 
components in the valve train linkage system such as 
valve guide, rocker arm, pushrod, follower and cam. 
The kinematic investigation of these components is 
performed as the way of Goenka [1] for the valve 
train system of pushrod type. The detail dimensions 
of the components in this work are listed in Table 1. 
With the computation of valve lift y, the contacting 
force between cam and follower could be obtained. In 
this computation the damping effects among the con-
tacting components except in valve spring are ignored. 
This is the reason that they are small enough to be 
suppressed by the damping of valve spring and hard 
to be characterized in magnitude. What is more, simu-
lation and experimental works show that there are 
rare coincidences in the damping characteristics. 

3. Analysis of the dynamic behavior of lubri-
cant between cam and follower  

Most of the studies for the computation of EHL 
film thickness have been performed with the view-

point of steady loading conditions because of compu-
tational simplicity. At each contact point between 
cam and follower, the loading condition changes ac-
cording to the rotational speed of a camshaft during a 
cycle and, therefore, the dynamic loading effects 
should not be ignored. The mathematical formulation 
of EHL film thickness between cam and follower 
under dynamic loading condition is described by the 
following Reynolds equation: 

3 3

12 12 e

h hh p h p u
x x y y x t

 (25) 

The second term of the right hand side in Eq. (25) 
reflects the dynamic loading condition that is usually 
ignored in the conventional analysis of EHL film 
thickness. However, the contact geometry, entraining 
velocity of lubricant and applied load vary as the rota-
tion of camshaft speed, which means that the film 
thickness is also a function of loading frequency. 
Most of the conventional EHL studies have ignored 
this effect, and therefore the minimum film thickness 
for EHL contacts is computed simply by using Dow-
son-Hamrock’s [8] curve fitting formula, Eq. (26) for 
its ease of computation. However, the formula is 
based on the condition of steady loading state and 
never includes the squeeze film effect that very fre-
quently occurs in real engineering contacts. Ignoring 
the dynamic effect in the computation of EHL film 
shape shows a large difference from other experimen-
tal investigations, so that the estimation with only 
steady loading condition leads to a misinterpretation 
of lubrication behavior between cam and follower. 

* * 0.128 *0.694 0.568min 1.714hh W U G
R

 (26) 

The contact regions between cam and follower 
have elliptical features because both cam and fol-
lower have small curvatures (1/ <<0) along the cam-
shaft axis whether it is flat or rolling type. However, 
the contact shape between cam and follower is gener-
ally considered as line contact in most computational 
EHL analyses, because the ratio of major and minor 
axes of contact area is relatively large. For this reason, 
the second term of the left hand side of Eq. (25) is 
ignored in this work and the elliptical contact is re-
garded as line contact, which saves much computing 
time in both calculations of elastic deformations and 
EHL film pressures. The elastic deformation for the 
line contact is described by the following form: [6] 
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*
* * *
, 0, , ,

0

1
2

n
i

i k k i j j k
j

xh h k p   (27) 

where,  

* *
,

* *

1 1ln 1
2 2

1 1ln 1
2 2

i jk i j x i j x

i j x i j x
(28)

The Newton-Raphson method has generally been 
applied to EHL problems, that is, the simultaneous 
solving procedure for both fluid film pressure, Eq. 
(25) and elastic deformation, Eq. (28). A typical solv-
ing process for the Newton-Raphson method is a 
Gaussian elimination procedure. In spite of its fast 
convergence characteristics, this method does not 
provide satisfactory results for high and transient 
loading conditions of EHL, and what is worse it needs 
a large array of computing variables. Therefore, if 
very detailed computations for a certain contact loca-
tion of interest such as an outlet region over the 
Hertzian contact area are needed, then the number of 
computing grids is very limited for large allocations 
of variables in a matrix array with the Newton-
Raphson method. As shown in the matrix form of 
equations, the scale of the grids (N) enlarges the sys-
tem equation size by ~N2. (See the Appendix.) 

However, the multigrid multi-level method of full 
approximation scheme is preferred to the Newton-
Raphson method, because of its numerical stability in 
a highly nonlinear partial differential equation such as 
the Reynolds equation with elastic deformation over 
the contact area [10]. In the multigrid multi-level 
method, a coarser grid is used to accelerate conver-
gence of fine grid residuals, and a finer grid yields 
accuracy from the coarse grid equations as in Fig. 6. 
The grid relationship between coarse and fine grid is 
shown in Fig. 7 for full weighting restricting opera- 
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Fig. 6. Multigrid multilevel method for V cycle with Rey-
nolds equation. 

tion. In this study, the computation of film pressure 
over the contact area is performed with 4 level and 
2V-cycle multigrid multilevel method. The residual 
of line contact Reynolds equation is expressed as 
below: 

* * * **

* * * * 0h
i

h hpr
x x x t

 (29) 

where 
* *3

*

h  and 
2

0
3

12 s x

H

u R
a p

.

The time difference term of the Reynolds equation 
is discretized as Eq. (30) and the film pressure is up-
dated to get h

i  at grid level h with relaxation fac-
tor gs .

1* * * ** *

* *

k kk

j j

j

h hh
t t

. (30) 

* *h h h
i i gs ip p  (31) 

The following equation is to be solved for the fluid 
film pressure in the direction of contact movement 
with the Gauss-Seidel iteration method: 

i h h
iA r   (32) 

where 
*

*

h h
j i

i h
j

L p
A

p
.  (33) 

However, the area of Hertzian contact has very 
small value of  and it makes the computation of 
fluid film pressure diverge occasionally. In this case, 
Jacobi distributive relaxation is applied to this area 
and very stable convergence of the film pressure 
computation can be obtained as Eqs. (34) and (35). 
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  (34) 

Fig. 7. Restricting grid matches in the multigrid multilevel 
method. 
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* *
, , 1 1 / 2h h h h h

i i j ja i j i ip p   (35) 

According to the computational domain division by 
 value, system equations with Eqs. (31) and (32) 

are solved and if the value  is small, then Jacobi 
distributive relaxation method is applied with Eqs. 
(34) and (35). 

All the time the summation of dimensionless pres-
sures, (p*= E’b/4R), over the grids matches with the 
applied contacting force W* which comes from valve 
spring reactions due to valve lift. It is expressed in 
dimensionless form as below. 

* * *, 0
2

p x t . (36) 

4. Results and discussion 

The computation of film thickness between cam 
and follower is performed for two types of followers, 
which are flat and rolling types. Both cases consider 
the effect of viscous damping in the valve spring. At 
500rpm of camshaft speed, the valve spring force has 
a linear function to the valve lift, where the viscous 
damping does not appear so much as expected. On 
the other hand, the spring force shows highly non-
linear function to the valve lift shape at higher speed 
of 5000rpm, where the viscous damping is dominant 
(Fig. 8). 

Under the contact geometry between cam and fol-
lower in the push-rod type valve train system, both 
dimensionless contact loads and entraining velocities 
of lubricant are computed for flat and rolling follow-
ers as shown in Figs. 9 and 10. The difference in the 
entraining velocity and loads comes from the contact 
spot geometries, mainly curvature of radius of contact 
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point in the cams for flat and roller followers. The 
shape of contact loads in the roller follower is not in 
the absolute values that are the same as that of a flat 
follower. It is the dimensionless value W* that is the 
function of curvature of the radius of the contact point, 
applied load and equivalent elastic modulus. Al-
though the absolute load is the same as each other 
case, the contact geometry is totally different. There-
fore, the dimensionless loads as shown in Figs. 9 and 
10 cannot be the same in their dimensionless forms 
under their geometrical contact conditions. In the 
computations of those values, the viscous damping 
effect of the valve spring is included. In these figures, 
we can find very large differences in loads and en-
training velocities of lubricant between flat and roll-
ing followers, even under the same kinematic systems 
and operating conditions.  

From these figures it can be easily seen that the en-
training velocity in case of rolling follower is gener-
ally larger than that in case of flat follower except a 
certain short period. Therefore, it is inferred that the 
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film thickness of rolling follower should be thicker 
than that of flat follower with the lubrication aspects, 
which excludes the possibility of boundary lubrica-
tion with high friction and wear rate.  

As shown in the Dowson-Higginson formula, Eq. 
26, the film thickness is the function of load and con-
tact speed. However, it is more dependent on the con-
tact velocity *0.694U  rather than the load * 0.128W  as 
shown in the power digits such as 0.694 and -0.128. 
The digit for the contact speed is much higher than 
for the load as in Eq. 26. Therefore, the results that 
the film thickness is much higher in roller follower 
than in flat follower are in good accordance with the 
formula, Eq. (26). 

The dynamic film which comes from the squeeze 
film effect is so great that ignoring it leads to an esti-
mation of thicker film thickness than the actual film 
thickness. For the contact with a flat follower shown 
in Fig. 11 the dynamic film thickness is thinner than 
that of steady contact condition over the entire cycle. 
The minimum film thicknesses by Dowson-Ham-
rock’s (D-H) formula show similar shapes to our 
computation results. However, this formula is very 
dependent upon the contact velocity rather than the 
applied load. From 30  to 50  and 130  to 150  of 
camshaft angle, the film thickness by D-H’s shows 
sudden rises, whereas the dynamic film thickness in 
our computation is suppressed by the effect of rela-
tively large load without any spikes during these peri-
ods. 

For the contact with rolling follower in Fig. 11 the 
film thickness is thicker than that with flat follower 
during all of the engine cycle. This is the reason that 
rolling has its own rotational velocity, and therefore 

3.0 10-1

4.0 10-1

5.0 10-1

6.0 10-1

7.0 10-1

8.0 10-1

4.0 10-5

5.0 10-5

6.0 10-5

7.0 10-5

8.0 10-5

0 60 120 180 240 300 360

h*
min steady

 flat cam

h*
min dyn

 flat cam Dowson-Hamrock h*
min

 flat cam

m
in

im
um

 fi
lm

 th
ic

kn
es

s 
h* (h

R
/b

2 )

D
ow

son-H
am

rock film
 thickness h

*(h/R
)

cam angle (deg.)

Fig. 11. Film thicknesses of dynamic, steady state and Dow-
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the entraining velocity of the lubricant is larger than 
that in the contact with the flat follower. Higher en-
training velocity of lubricant makes thicker fluid film 
that removes the possibility of boundary lubrication. 
This is the reason that the rolling follower is widely 
used in order to reduce the abnormal frictional resis-
tance and the wear rate. By comparing Figs. 11 with 
12, it is found that the rolling follower has better tri-
bological advantage than the flat follower. As it is 
also expected that high entraining velocity of lubri-
cant becomes thicker, the dynamic film thickness of 
rolling follower is thicker than that of steady state 
entraining velocity of lubricant. On the other hand, D-
H predicts thicker film thickness from 30  to 50  and 
130  to 150  of camshaft angle when high entraining 
velocity occurs. This is the reason that the film thick-
ness computed by D-H’s does not include the squeeze 
film effect, so it shows large dependence only on the 
entraining velocity of lubricant itself.  

The locations of minimum film thickness when the 
squeeze film effect is considered differ from the re-
sults when only steady condition is considered as 
shown in Fig. 13. The location of minimum film 
thickness under steady contact condition occurs near 
the exit region, which is a typical pattern for EHL, 
whereas it is located near the center of contact area 
under the dynamic loading condition. In our computa-
tion, it is found that the dynamic effect, ( h)/ t,
which is shown in the last term of the Reynolds equa-
tion, reduces the load capacity as well as changes the 
location of minimum film thickness of steady condi-
tion (Fig. 14). 
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Fig. 12. Film thicknesses of dynamic, steady state and Dow-
son-Hamrock formula for rolling follower at 3000rpm.
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Fig. 13. Location of minimum film thickness under the dy-
namic velocity condition at 3000rpm for rolling follower. 
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Fig. 14. Location of minimum film thickness under the steady 
velocity condition at 3000rpm for rolling follower 

5. Conclusion 

In this work, we have demonstrated the squeeze 
film effects which are generally not considered for the 
conventional EHL computations by comparing flat 
and rolling follower contacts with cam. Although the 
kinematic systems are all the same, the difference 
between contact geometries greatly influences both 
entraining velocities of lubricant and applied loads. In 
general, the rolling follower system produces a 
thicker film than a flat follower under the same condi-
tion of geometrical scale and operating condition. 
This means that rolling follower provides better tri-
bological condition, which gives low wear possibility 
to cam and follower contacts.  

The results are also compared with those by Dow-
son-Hamrock’s formula which does not consider the 
dynamic film effect. Without the dynamic film effect, 

the minimum film thickness by D-H’s formula is 
strongly dependent on the entraining velocity of lu-
bricant, whereas the minimum film thickness, includ-
ing the squeeze film effect, is dependent on the ap-
plied load.  

Nomenclature----------------------------------------------------------- 

A : Area of the contact point, m2

b  : Half Hertzian length ( 8 /R W ), m
d : Diameter of spring wire, m
E : Young’s modulus of surface, Pa
E’ : Equivalent Young’s modulus, Pa

2 21 1 1 1
2

a b

a bE E E

Fs : Spring force, N 
G   : Material parameter in fluid film, E’
G’   : Shear modulus in spring, N/m2

h*   : Dimensionless film thickness, (h R/b2) or  
   (h/R) for Dowson-Hamrock formula 
K : Spring constant, N/m
L : Developed length of the spring helix, m
Nc : Number of active spring coils 
p* : Dimensionless pressure, p/pH

pH :  Hertzian pressure, E’b/4R, Pa
R  : Equivalent radius of contact, m
Rr : Roller radius, m 
Rc : Cam radius, m 
ri  : Residual for Reynolds equation 
uc : Contact point velocity in the in the z
  direction, m/s
ue : Entraining velocity of lubricant, m/s
us : Sliding velocity, m/s
ut : Contact point velocity in the in the x
  direction, m/s
U*  : Dimensionless velocity, u 0/E’R
w : Applied load, N
W*  : Dimensionless load, w/E’R
Xp :  x component of center of the curvature of  
  roller follower movement, m
x*  : Contact region coordinate to the sliding  
  direction, x/b
y : Axial displacement of spring element, m
yo  : Maximum cam lift, m
Yp : y component of center of the curvature of  
  roller follower movement, m
r : Radius of spring, m
t : Time, s

: Pressure-viscosity coefficient, m2/N
’ : Wave speed, m/s
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Angle between contact point and valve lift  
  direction 

Equivalent coefficient of viscous damping  
  per unit length of the spring 

Angle of camshaft rotation 
p : Pressure angle, rad

Lubricant viscosity, N s/m2

Distance between cam axis and contact  
  point, m

Curvature of radius at contact point  
  between cam and follower, m

m : Density at dp/dx = 0, Kg/m3

  : Density of lubricant, Kg/m3

’  : Density of spring material, Kg/m3

: Curvature of radius, m
: Curvilinear coordinate along spring length 
: Angular speed of cam, rad/s

Superscript  
* : Dimensionless variable 
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Appendix 

There are three basic unknowns for the line contact 
EHL problems with Newton-Raphson method as 
below:  

* * * * * * nn o

m m m m m mh h h  (A-1) 

* * * nn o
j j jp p p  (A-2) 
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* * *
0 0 0

nn oh h h  (A-3) 

* *
m mh , *p and *h  are the density multiplied by film 

thickness at the exit bound of contact area, film pres-
sure and film thickness constant, respectively. The old 
known values subscripted by o are added by the dif-
ferences from the computation results of Eq. (A-4), 
and then new values for the three unknowns sub-
scripted by n are computed by equations from (A-1) 
to (A-3). Then the * *

m mh , *
jp  and *

0h  are 
now the unknowns for this problem and solved until 
their values are enough small under predefined limits. 
For each node i, the residual for line contact Reynolds 
equation is expressed as Eq. (A-4). 

* * *
* * *

2,....

*
0*

0

( )

oo Nn ni i
m m j

jm m j

o
n oi

i

f fh p
h p

f h f
h

 (A-4) 

where * * o

i m mf h , * o

i jf p , and * o

i mf h
are defined analytically [6] and if for line contact 
Reynolds equation is defined as below. 

* 2 * * *
*3 * *

* *2 *

3
4

m m
i i i i

i

dp U hf h h
dx W

 (A-5) 

The constant dimensionless load is taken into ac-
count by 

* *
max max

* *
min min

* * * *

* *

2,...

2
x xn o

x x

N n n

j j
j

p dx p dx

C p W
. (A-6) 

A linear system of N+1 equations for the unknowns 
* *
m mh , *

jp  and *
0h  are to be solved with the 

following matrix form: 

11 1 1
** * * *

2 0

222 2
*** * *

2 0

* ** * *
2 0

2

* *

1
*
2 2

*

*
0

0 0

'

o

Nm m

Nm m

N NN N

Nm m

N

n

m m

NN

ff f f
ph p h
fff f
pph h

f ff f
p ph h

C C

h
f

p f

fp
Wh

o

 (A-7) 
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